Abstract. We consider the Schrödinger operator
Introduction
In the present article, we investigate the discrete spectrum of the Schrödinger operator whose potential is a product of an oscillating, e.g. periodic factor η, and a factor W which decays regularly at infinity; by a regular decay we mean that the derivatives of W decay at infinity faster than W itself. Note that if η is oscillating and not constant, then the product ηW does not decay regularly. Our results show that due to the irregular decay of the potential, the corresponding Schrödinger operator generally has less discrete eigenvalues than suggested by the semiclassical intuition. For a better understanding of our results, we first recall some known facts concerning the discrete spectrum of the Schrödinger operator
Throughout the article, we assume that the multiplier by V is −∆-relatively compact in the sense of the quadratic forms, i.e. the operator |V | 1/2 (−∆ + 1)
A simple sufficient condition guaranteeing such a relative compactness is that for each ε > 0 we have V = V 1,ε + V 2,ε where
An even simpler sufficient condition is that V ∈ L p loc (R d ) and lim |x|→∞ V (x) = 0. Under our relative compactness condition we can define H V as the sum in the sense of the quadratic forms. Then so that the possible discrete spectrum of H V is negative, and it can accumulate only at the origin. In order to address the problem about the finiteness of σ disc (H V ), set N(E; V ) := Tr 1 (−∞,E) (H V ), E ∈ (−∞, 0], where 1 (−∞,E) (H V ) is the spectral projection of the operator H V corresponding to the interval (−∞, E). Thus, N(E; V ) is just the number of the eigenvalues of H V smaller than E, and counted with the multiplicities. We have the following simple
, V − is measurable, and there exists constants c ∈ (0, ∞) and ρ ∈ (2, ∞) such that
i.e. the discrete spectrum of H V is finite.
If d ≥ 3, the result follows from the Cwickel-Lieb-Rozenblum estimate 
Then we have
is the volume of the unit ball in R d .
The border-line case ρ = 2 is handled in the following
where
and {λ q } q∈Z + is the non decreasing sequence of the eigenvalues of the Beltrami-Laplace
Remark: The explicit expressions for the eigenvalues of the Beltrami-Laplace operator and their multiplicities are well known; see, for instance, [12, . In particular, λ 0 = 0 is a simple eigenvalue for any d ≥ 2.
In this article, we consider the case
where η is a non constant almost periodic function, while W decays regularly at infinity; in particular W satisfies (1.4) and (1.5). Note, however, that in this case the product ηW cannot satisfy (1.4). Our main result, Theorem 2.1, describes some non classical phenomena in the asymptotic behaviour of the discrete spectrum of H ηW , due to the irregular decay of ηW .
One-dimensional Schrödinger operators with potentials as in (1.9) arose as effective Hamiltonians in [9] , where we considered the asymptotic distribution of the discrete spectrum for waveguides with perturbed periodic twisting. Multidimensional operators of this kind were discussed in [5, 11] where the problem about the location of the absolute spectrum of H V was studied.
The article is organized as follows. In the next section we formulate Theorem 2.1, and briefly comment on it. Section 3 contains some auxiliary results, while the proof of Theorem 2.1 can be found in Section 4.
Main Result
Let us first introduce several definitions needed for the statement of the main result. We will write
, and there exists a constant C ∈ (0, ∞) such that
where:
Whenever necessary, the Fourier transform is extended by duality to the dual Schwartz class
is a function periodic with respect to a non degenerate lattice of periods in R d , which has an absolutely summable series of Fourier coefficients. As above, if η ∈ A(R d ) is real valued, we will write η ∈ A(R d ; R).
Assume that there exist constants C ∈ (0, ∞), and R ∈ (0, ∞), such that
If, on the contrary, η 0 < 0, then
(ii) Let ρ ∈ (0, 2). Assume η 0 = 0. Then we have
, then (2.7) holds true. 
that the mean value of η is negative, but its positive part does not vanish identically. Similarly, relation (2.6) is not semiclassical in the sense of (1.6) since it is not difficult to construct examples of W and η with η 0 > 0 which satisfy the assumptions of part (i) of Theorem 2.1, such that lim sup
A related effect where the main terms of the eigenvalue asymptotics for quantum magnetic Hamiltonians depend only on the mean value of the oscillating magnetic field, can be found in [7, 8] . The methods used in the proof of Theorem 2.1 resemble those developed in [6, 9] . Moreover, in the proof of part (ii), we apply a bound which is inspired by [11] ; this bound allowed us to improve slightly asymptotic estimates (2.8). The assumptions on η and W in Theorem 2.1 could be essentially relaxed. For example, in part (ii) we could have supposed that W ∈ S 1,ρ (R d ), W satisfies (2.5), and for all ε > 0 we have
(see the proof of Proposition 4.1). Similarly, in part (ii), we could have assumed that W ∈ S 1,ρ (R d ), andŴ satisfies (2.10). Further, we could replace the hypothesis η ∈ A(R d ; R) by the assumption that η is a fairly more general function which satisfies (2.3). We prefer to use explicit and transparent assumptions allowing us to give a simple and self-contained proof whose main ideas are not hidden by unessential technical details.
Auxiliary results
This section contains auxiliary results needed for the proof of Theorem 2.1. Let X be a separable Hilbert space. We denote by S ∞ (X) the class of linear compact
Thus, n + (s; T ) (resp., n − (s; T )) is just the number of the eigenvalues of T larger than s (resp., smaller than −s), and counted with the multiplicities. If T j = T * j ∈ S ∞ (X), j = 1, 2, then the Weyl inequalities
hold for s j > 0, j = 1, 2, (see e.g. [2, Theorem 9, Section 2, Chapter 9]). For T ∈ S ∞ (X) and s > 0 put
Thus, n * (s; T ) is the number of the singular values of T larger than s, and counted with the multiplicities. Evidently, if T = T * , then
Moreover, if T j ∈ S ∞ (X), j = 1, 2, then the Ky Fan inequalities
hold for s j > 0, j = 1, 2, (see e.g. [2, Eq. (17), Section 1, Chapter 11)]). Further, we recall an abstract version of the Birman-Schwinger principle, suitable for our purposes. for any r > 0 and λ > 0 .
Proof. Let R ∈ (0, ∞), and let χ B R be the characteristic function of the ball B R . Then for any fixed R ∈ (0, ∞), the operator χ B R f F * gχ B R is Hilbert-Schmidt, and hence compact. On the other hand, lim R→∞ f
Proof of Theorem 2.1
By the Birman-Schwinger principle (see Lemma 3.1),
By the unitarity of the Fourier transform,
where a(ξ; E) := (|ξ|
Denote by χ 1 the characteristic function of the ball B δ with δ ∈ (0, r/2) and r := inf ℓ≥1 |ξ ℓ | > 0 (see (2.3)). Set
, and
Evidently, since ω µ (x) ≤ ω −µ (x) for x ∈ R d and µ ∈ (0, 1), we have
Similarly, since ω 0 (x) ≤ ω −µ (x) for x ∈ R d and µ ∈ [0, 1), we have
Now it follows from (4.3) -(4.5) that
Applying the mini-max principle, the Weyl inequalities, and the Birman -Schwinger principle, we find, taking into account that
for s ∈ (0, 1). In the case η 0 = 0, we will need also a slightly different estimate of n − (1; a(E)F ηW F * a(E)), inspired by [11] . Namely, if η 0 = 0, then (4.3) and the Weyl inequalities imply
By (3.3) and the Ky Fan inequalities,
Using elementary operator norms and the Birman-Schwinger principle, we get
Putting together (4.5), and (4.8) -(4.10), we get
Let us now show that under the hypotheses of Theorem 2.1, the quantity n ± (s; a(E)χ 1 F ηW F * χ 1 a(E)) with s > 0 remains bounded as E ↑ 0.
, and W ∈ S 2n,ρ (R d ) with n ∈ N, n > ν(d, ρ), the function ν(d, ρ) being defined in (2.4). Then for any s > 0 we have
In order to prove Proposition 4.1, we need the following
. Assume that W ∈ S 2n,ρ (R d ). Then for each ε > 0 we have
Moreover, (4.14) sup
On the other hand, for each ξ ∈ R d \ {0}, and
Evidently, for any ǫ > 0, and β ∈ Z d + , we have (4.17) sup
where, for d ≥ 1 fixed, the constants c β;n depend only on β and n. Now (4.13) -(4.14) follow from (4.16), (4.17), and (4.15).
Proof of Proposition 4.1.
Let κ ∈ (δ, r/2), and let Θ ∈ C 
, be a real even function; in particular, F Θ = F * Θ. We can multiply the integral kernel in (4.18) by Θ(ξ − ξ ′ ) without modifying it. Hence, by the mini-max principle and the Birman-Schwinger principle,
Since {η ℓ } ℓ∈J 0 ∈ ℓ 1 (J 0 ), supp Θ ⊂ B 2κ , and inf ℓ∈J 0 |ξ ℓ | = r > 2κ, we find, using
Let d ≥ 4. By the Hausdorff-Young inequality
with a constant c 
and
In particular, 
Hence, (4.12) for the case d = 2 follows from (4.19), (4.22) , and Proposition 1.1.
Next, the operator ω 1/2 −µ F * χ 2 a(0) with µ < 1 is compact by Lemma 3.2. Therefore,
Putting together (4.1), (4.2), (4.12), and (4.23), we find that (4. , then there exists s ∈ (0, 1) such that
. Hence, the upper bound in (4.24), and Proposition 1.3 imply again (2.7) in this case.
